In this article, we formalize a free Z-module and its property.
yuichi futa, hiroyuki okazaki, and yasunari shidama Let V be a Z-module. Note that (the carrier of V ) × (Z \ {0}) is non empty. Assume V is cancelable on multiplication. The functor EQRZM(V ) yielding an equivalence relation of (the carrier of V ) × (Z \ {0}) is defined by (Def. 1) Let us consider elements S, T . Then S, T ∈ it if and only if S, T ∈ (the carrier of V ) × (Z \ {0}) and there exist elements z 1 , z 2 of V and there exist integers i 1 , i 2 such that S = z 1 , i 1 and T = z 2 , i 2 and i 1 = 0 and i 2 = 0 and i 2 · z 1 = i 1 · z 2 . Now we state the proposition: 
, and
. Assume V is cancelable on multiplication. The functor zeroCoset V yielding an element of Classes EQRZM(V ) is defined by (Def. 3) Let us consider an integer i.
Assume V is cancelable on multiplication. The functor lmultCoset V yielding a function from (the carrier of F Q )×Classes EQRZM(V ) into Classes EQRZM(V ) is defined by (Def. 4) Let us consider an element q and an element A. Suppose (i) q ∈ Q, and (ii) A ∈ Classes EQRZM(V ).
Let us consider integers m, n, i and an element z of V . Suppose (iii) n = 0, and (iv) q = m n , and (v) i = 0, and
. Now we state the propositions: (4) Let us consider a Z-module V , an element z of V , and integers i, n. Suppose (i) i = 0, and
(ii) n = 0, and (iii) V is cancelable on multiplication.
The theorem is a consequence of (3). . Let V be a Z-module. Assume V is cancelable on multiplication. The functor ZMQVectSp(V ) yielding a vector space over F Q is defined by the term
Assume V is cancelable on multiplication. The functor MorphsZQ(V ) yielding a function from V into ZMQVectSp(V ) is defined by (Def. 6) (i) it is one-to-one, and 
The theorem is a consequence of (6). 
Then a· l 5 = (MorphsZQ(V ))( l). The theorem is a consequence of (7). Then I 6 is linearly independent. The theorem is a consequence of (9) and (10). [8, (35) , (19) ], [7, (12) ]. I 7 ⊆ the support of l 5 by [8, (64) ], [7, (12) ], [14, (8) ]. 
The theorem is a consequence of (12) and (7).
Let us consider a free Z-module V , a subset I of V , and a subset I 6 of ZMQVectSp(V ). Now we state the propositions: Let V be a finite-rank free Z-module. Note that ZMQVectSp(V ) is finite dimensional. Now we state the propositions:
(16) Let us consider a finite-rank free Z-module V . Then rank V = dim(ZMQVectSp(V )). The theorem is a consequence of (15) and (14). (17) Let us consider a free Z-module V and finite subsets I, A of V . Suppose (i) I is a basis of V , and
Then A is linearly dependent. The theorem is a consequence of (15), (11), and (14) . (18 Then A is linearly dependent. The theorem is a consequence of (17) and (18) . Then A ⊆ I .
Submodule of Free Z-module
Now we state the proposition:
Let us consider a Z-module V , submodules W 1 , W 2 of V , and strict submodules W 3 , W 4 of V . Now we state the propositions:
Now we state the propositions: Let us consider a Z-module V and free submodules W 1 , W 2 of V . Now we state the propositions: (30) If V is the direct sum of W 1 and W 2 , then V is free. 
